Introduction
Let K be an algebraic extension of Q p , the field of p-adic numbers. As usual, we write Z p for the ring of p-adic integers and C(Z p → K) for the Banach space of continuous functions from Z p to K. We have the following well-known bases for
C(Z p → K): on one hand, we have the Mahler base
x n (n ∈ N), consisting of polynomials of degree n (see [3] p. 149 or [1] ) and on the other hand we have the van der Put base {e n | n ∈ N} (see [3] p. 189 or [4] p. 61) consisting of locally constant functions. e n is defined as follows: e 0 (x) = 1 and for n > 0, e n is the characteristic function of the ball {α ∈ Z p | |α − n| < 1/n}. For every f ∈ C(Z p → K) we have the following uniformly convergent series:
a n x n where a n = n j=0 (−1)
b n e n (x) where b 0 = f (0) and b n = f (n) − f (n − ).
Here n − is defined as follows. For every n ∈ N 0 , we have a Hensel expansion n = n 0 + n 1 p + . . . + n s p s with n s = 0. Then n − = n 0 + n 1 p + . . . + n s−1 p s−1 . We further put γ 0 = 1, γ n = n − n − = n s p s , δ 0 = 1, δ n = p s and n ∼ = n − δ n . Remark that |δ n | = |γ n |. Let f :
, where φ 1 f (x, y) exists. We will also say that f is C 1 at a.
In a similar way, we may define C n -functions as follows: for n ∈ N, we define
A function f is called a C n -function if φ n f can be extended to a continuous function
For C n -functions the polynomials In the case n = 1, we have the following property:
. Therefore every continuous differentiable function f can be written under the form f (x) = a n e n (x) + b n (x − n)e n (x) where
. For details we refer to [3] . The construction uses the antiderivation map P :
The antiderivative P has among others the following properties:
In this note, we will construct an orthonormal base for C n (Z p → K). We will show that {γ
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To prove this, we will use the C n -antiderivative P n :
Notice that P 1 is what we have called P above.
To simplify the notations, we will treat only the case n = 2 in full detail. The general case may be handled in a similar way. In section 2 we will show that ||γ
In section 3 we give a necessary and sufficient condition for C 1 -functions to be C 2 . Finally, in section 4, we prove our main result.
Norms
To simplify the computations, we start with the following two lemmas.
for j ≤ i.
Let t = t with i < < k (in case 1 < < i, the proof is similar).
Using the induction hypothesis, we can write φ 2 f (x, y, z) as
where
To show
p , and the property follows immediately.
In the sequel, we will use the following notation, for m, x ∈ Q p : m x if m = x i for some i ∈ Z. We sometimes refer to the relation between m and x as "m is an initial part of x" or "x starts with m".
Lemma 2. Let S be a ball in
Proof. It suffices to prove the statement for x, y, z ∈ N, since N is dense in Z p , f is continuous and S is closed in K. S is "convex" in the following sense: if x 1 , x 2 , . . . , x n ∈ S and λ 1 , λ 2 , . . . , λ n ∈ K with |λ i | ≤ 1 for all i and λ i = 1 then λ i x i ∈ S. Let t be the common initial part of x and y, i.e.
and
Therefore it suffices to show that φ 2 f (x, y, z) ∈ S if y x. Let τ be the common initial part of x and z, i.e.
Therefore it suffices to show that φ 2 f (x, y, z) ∈ S if y x and x z. There exist
This finishes the proof since |λ j | ≤ 1 for all j, λ j = 1 and
Proof. 
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For k = 0, i n + δ n and the valuation is 0.
2.2) i n
2.2.1) i n + p k δ n then the valuation is 0.
2.2.2) i n
3 Characterization of C 2 -functions 
Proof. Suppose f is C 2 , then there exists a continuous function R 2 :
Thus lim
In particular, lim
We also have that
In particular, lim , a) exists for all a ∈ Z p and thus
It follows also that lim
which tends to zero by assumption. Furthermore,
Because of the symmetry in the variables of φ 2 f we may assume that |y − a| ≥ |x − a| ≥ |z − a|. Therefore lim
.
An orthonormal base for C 2 -functions
Before we prove our main theorem, we prove one more proposition that we will use in the proof of our final theorem.
Proof.
Indeed, e n (x) = 1 if and only if there exist an s ∈ N such that n = x s , or equivalently, if there exist an s ∈ N such that e n (x m ) = 0 for all m < s and e n (x m ) = 1 for all m ≥ s.
In a similar way, we have for P 2 :
Finally,
Also ||f + T g|| 2 ≥ ||f || 2 , since
It follows that N So, the set {γ 2 n e n (x), γ n (x − n)e n (x), (x − n) 2 e n (x) | n ∈ N} is orthonormal. It is also a base for C 2 (Z p → K). Indeed, for every
f (x) = f (0) · e 0 (x) + (g(n) − g(n − )) · e n (x) be its representation in
This is also an identity in C 2 (Z p → K), since We have therefore shown that f can be written as a convergent linear combination of e 0 (x), e 1 (x), . . . , xe 0 (x), (x − 1)e 1 (x), . . . , 
